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SUMMARY

Three discretization methods and their implementation in computer codes are des-
cribed:
¢ Finite Volume Methods with the variables velocity and pressure or vorticity
and streamfunction, respectively, and

¢ a Finite Element Method employing the Galerkin/least-squares approach.
This method embodies a straightforward extension of the Streamline—upwind
Petrov-Galerkin (SUPG) method resulting in a very stable discretized scheme.

Statements concerning capability to predict air flow patterns within rooms are pre-
sented.

The same terms of the Reynolds—averaged Navier-Stokes equations and the stan-
dard k-¢ turbulence model are used for all methods. Two simple two-dimensional
test cases (turbulent room airflow with one inlet and one outlet device at opposite
walls and laminar convection within a square room with different wall temperatures)
are calculated to compare accuracy, convergency and dependence of grid spacing of
the algorithms.

tThe research was supported by the Bundesministerium fiir Forschung und Technologie under
the contract 0329016D.
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INTRODUCTION

Three computer codes for prediction of room air flows have been developed and
maintained at the Institute of Fluid Mechanics at the Dresden University of Tech-
nology. In two of them Finite Volume Methods are implemented (one with primitive
variables and another one with the variables stream function and vorticity), the third
is based on a Galerkin/least-squares Finite Element Method. Different solvers for
the algebraic equation systems are implemented. Stimulated by ANNEX 20 activi-
ties, the codes have been tested for their capability to predict room air flows with
natural and forced convection, that is the Nielsen test case 2D1 [9] and a closed
cavity problem. In addition, accuracy, expence and dependence of grid spacing of
the underlying methods are examined.

BASIC EQUATIONS

The basic equations are the Reynolds averaged Navier—Stokes equations and further
transport equations, for instance the equation of energy transport. By using of the
assumption of incompressibility, Boussinesq’s approximation of buoyancy and a k—¢
turbulence model, the following system of differential equations can be presented:
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with
Veff = V + v, (6)
- X "

ae.ff - P?‘ + Prt, (7)
v = Cpkle (8)

and appropriate initial and boundary conditions and moreover a set of constants,
see table 1.

Cpb
0,09

Cy
1,44

C,
1,02

Pr,
1,3

Pry
1,0

Pf't
0.77

Table 1: Set of constants for k—e turbulence model

Equations (1), (2) and (3) with v.;s = v are used for laminar flow problems.

NUMERICAL METHODS

Finite Volume Method with primitive variables
Discretization

This method is a time marching procedure. It is based on the algorithm of the
MAC-method of Harlow and Welch [2]. The basic idea of the solution procedure
can be presented as follows:

e Integration of equation (1) and (3) over a time step

tm+l —_— — —_— — —_—
—m+1 _ Fm 6 GU,- an _ anU,' _ aP
Ui = Yt /tm Oz; (Veff (8.17_7‘ Ox; >> Oz; Ox;
_ (9)
tm+1 —_— — —
=m+1 __mm 8 8T 0 T 07
T =T +/tm oz, (aeffamj) — 9z, + ¢V dt (11)

o Approximation of the integrals with a simple explicit Euler scheme
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Treatment of equations (4) and (5) is analogously. (Another, more exact approxi-
mation one can find in [12].) Calculation of pressure P using equation of mass
conservation (2) is based on:

9?P" _ _1_8-(77 n 0 i y an n 8U] _ (TU_jﬁ,'
dr? At dz; | Oz |0z, \ N dz;  Oz; dz;
~9:9(T - To)] (14)

After the calculation of pressure, new velocity, temperature and further transport
quantities are determined.

A Finite Volume Method on a staggered grid is used for the spatial discretization.
By integration over each control volume, application of Gaufy’ theorem and local
approximations one get a system of difference equations.

According to the topical problem, boundary conditions have to be discretized in
the same manner. Additional grid points were introduced at the physical boundaries
for Dirichlet conditions. Boundary conditions for the pressure are necessary to solve
the Poisson equation. One can deduce boundary conditions from equation (12), see

[11].

Solution of the algebraic equation system

Following the above mentioned algorithm, new velocity, temperature and further
transport quantities are calculated by means of explicit equations. The Poisson
equation for pressure is solved by a multigrid method at each time step. It consists
of a so called V—cycle on 3 or 4 grid levels. Smoothing iteration is a GauB-Seidel
method, the equation system on the coarsest grid is solved by the Cholesky factori-
zation.

Code
Currently the PASCAL code "ResCUE” runs under UNIX operating systems. It

consits of about 6 000 lines source code. The amount of occupied memory is about
280 bytes per grid point.

Finite Volume Method with variables w, ¥
Differential equations, boundary conditions

For a steady flow described with the variables stream function ¥ and vorticity w,

defined by
ov ov oU, B U,

5—:;;-’(]2:————— w =

(9x1’ ECT 8562

the differential equations 1 and 2 lead to
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Problems of laminar flow can be solved also by equations (16), (17) and (3), if

Veff = V.

The relatively difficult boundary conditions for w and W are defined using relation
(15), the non-slip-conditions on the walls and assumptions about velocity profiles in
the vicinity of walls, given velocity profile on inlet, and the assumptions of a fully
developed flow in the outlet, see [10].

Discretization

An orthogonal grid is used for the discretization. Each differential equation is in-
tegrated over rectangular control volumes, values of functions and their derivatives
on the boundary of control volumes are interpolated and expressed using values of
adjacent nodes.

For stabilizing the discrete equations, simple upwind differences are used for the
convective terms.

Solution of the algebraic equation system

The system of discrete equations is solved successively. The connection of variables
is given through an outer iteration loop.

The system of linear equations for each variable is solved by a modified block-
Gaufl-Seidel method (line by line). This method is stable on non-uniform grids if
the aspect ratio of control volumes is 0.1 < % < 10, cf. [13].

Code

The computer code "PSIOM2D” which consists of about 4 000 lines of FORTRAN 77
runs on workstations under UNIX operating systems. Approximately 172 bytes
memory space are required per grid node.

Finite Element Method with primitive variables
Galerkin/least—squares formulation of the governing equations

The Galerkin/least-squares (GLS) formulation of a convection/diffusion (or trans-
port) equation is a generalization of the Streamline diffusion or Streamline-Upwind—
Petrov/Galerkin method (SDFEM or SUPG) which results in a very stable numerical
scheme and allows arbitrary choosing of interpolation functions. This formulation
is an extension of the Standard Galerkin method where the residuals are weighted
additionally by the differential operator itself. Equ. (18), (19) are consistent in
the sense that the exact solution still satisfies the stabilized problem. The above
mentioned technique is applied as well to momentum and continuity equation as to
energy transport equation.

M M
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M
Z/ (Vou)gdQ = 0 (19)
p=1 Qu

W = w4 §(—vAw+ (vo V)w+ Vq)

§ = q+6(Vouw)

It should be mentioned that only 2D laminar and steady flow problems are
considered at this stage of research.

Discretization of boundary conditions

The boundary conditions are formulated in an integral form, i.e. nodewise given
Dirichlet-boundary values are piecewise integrated over the boundary edges of the
finite elements. As well prescribed Dirichlet conditions as homogeneous and non-—
homogeneous Neumann conditions can be employed.

Spatial discretization and choise of elementary shape functions

An arbitrary 2D domain can be discretized using an unstructured triangle based
mesh. In case of a rectangular domain as in the examples presented here, only
structured orthogonal triangulations are applied. For simplicity and computational
convenience, we restricted the implementation to piecewise linear finite elements for
velocity, pressure, and temperature approximation, respectively.

Solution procedure

The linear algebraic equation system resulting from the GLS-discretization of the
successive linearized (with respect to all non-linearities) p.d.e. system (1)-(3) has
a significiant block structure. Each block consists of banded sparse matrix of di-
mension n (n=amount of nodes). A particular block iteration procedure in which
all unknowns of a single node are treated simultaneously is applied to this equation
system. This very simple procedure has been successfully tested up to systems with
some 7 000 nodes, i.e. some 30 000 equations. The successive approximation process
was stopped after 200 cycles or when the relative difference of two following cycles
became less than 1077,

Computer code

The program system is a research code consisting of several parts. These are two
mesh generators, some interface programs and the main part, the program "NS”.
Programming languages are above all C and FORTRAN 77. The whole memory
required is allocated dynamically at run time. The code consists of about 5 000
lines. Memory requirements are about 312 bytes per node, whereas the code is
designed for flexibility and is not optimized for storage.
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COMPUTATIONS

Laminar natural convection in a square cavity

Flow in a cavity is often used to validate numerical methods. Here the computational
domain consists of a closed two-dimensional square (cf. fig. 1) with a hot (Ty) and
a cold (T¢) vertical wall. The horizontal walls are isolated.

S LSS

7 =0 ? Ra 10°
/] / Pr 0.71
/) L/ g 10.0 m/s”
" L Y 36107 1/K
Ay L/ v 15.00 10~ m?/s
/ ’ aT _ / a 21.13 107® m?/s
sy = L 0.05605 m
S S S AT 50K
L Ty 2803 K
Tc 2753 K

Figure 1: Geometry of cavity Table 2: Parameter of computations

Two dimensionless parameters are essential for flow and temperatur field — the
Prandtl number Pr = v/a and the Rayleigh number Ra = (gyL3/v?) AT Pr. Re-
striction to the laminar case (Ra < 10®) allows investigations of some properties of
discretization methods, e.g. stability and convergency, almost independent of turbu-
lence modelling. Resulting from the same structure of the differential equations, the
achieved piece of knowledge can be useful also for solving turbulent flow problems
with natural convection.

1 1
0.5 y/L 0.5 y/L
1 0 1 0
0 0.5 1 0 0.5 1
X/L X/L
Figure 2: Streamlines Figure 3: Isotherms

A lot of numerical results of laminar flow exists, cf. [4], [7], [15], [3]. Hortmann
et al. [4] obtained very accurate results (estimated accuracy 0.01%) as solution on
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very fine grids (320x320 and 640x640 control volumes, respectively) for Rayleigh
numbers 10, 10° and 10° and Prandtl number 0.71. They are used as a basis for
comparison for all of the discretisation methods described in the previous section.

Computations of this problem have been carried out with parameters shown in
tab. 2. The computational domain was discretized using a uniform grid (see tab.
3). Criterion of accuracy was specified by 1075,

The results — flow and temperatur pattern (cf. fig. 2, 3) — are compared by
velocity and temperatur profiles along the horizontal and vertical midlines, cf. fig. 4.
The coordinates x and y are normalized by the cavity lenght L, the velocity by the
characteristic conduction velocity a/L. One can see that predicted velocity and
temperature distribution are qualitatively fairly similar for all tree discretization
methods.
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Figure 4: Profiles of velocity and temperature along the horizontal and vertical
midlines

The value and position of maximal velocities on the midlines are summarized in
tab. 3. This table contains also the comparison results of Hortmann et al. [4], *grid-
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independent’ solution was yielded by extrapolation of the solutions on two grids
with 320x320 and 160x160 control volumes. With this solution one can investigate

| code [ grid | wmazL/a | Ymao/L | VmazL/a | Tmaz/L |

ResCUE 16x16 36.4799 | 0.84374 | 66.0278 | 0.03124

32x32 35.9944 | 0.85937 | 66.9722 | 0.07813

16x16 41.2881 | 0.87500 | 66.3700 | 0.06250

32x32 37.5260 | 0.84374 | 67.7142 | 0.06250

PSIOM2D 64x64 36.1235 | 0.85937 | 68.3207 | 0.06250

128x128 || 35.5027 | 0.85937 | 68.6258 | 0.06250

16x16 28.6578 | 0.81250 | 50.9485 | 0.06250

NS 32x32 32.4431 | 0.84375 | 66.4092 | 0.06250

48x48 33.7588 | 0.85417 | 68.1954 | 0.06250

64x64 34.1771 | 0.85938 | 68.5306 | 0.06250

of. [4] 320x320 || 34.7414 | 0.85468 | 68.6187 | 0.06719
indep. 34.7399 — 68.6396 —

Table 3: Maximal velocities on the midlines
the convergence. The estimated error for e.g. upqz, defined by

*
Umazr — Upqaz

E(tumaz) =

%
u’mam

where . is the 'grid-independent’ value, is shown in figure 5 as a function of mesh
parameter h, using logarithmic scale. The solution converges for all discretisation

E(Umax)
1
0.1
. a
/ R —
. *
*
0.01 1 1 1 1 1 Lt 11 L 1 1 1 1 L1t
0.001 0.01 0.1
h/L

—— ResCUE  —+ PSIOM2D ¥ NS

Figure 5: Estimated error of w4,

methods. The slope of the curves can be used to estimate the convergence order.
The order of 1.15 obtained by PSIOM2D is slightly better then the theoretically
estimated for first order approximation of convective terms. For NS the order is
about 1.55 and agrees with a analysis [6] very well.
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Room air flow

A simple two—dimensional test case specified by Nielsen [9] was choosen to validate
the programs PSIOM2D and ResCUE for their ability to predict the isothermal
two—dimensional turbulent flow in a ventilated room. The geometry of the testroom
shown in figure 6 is L/H = 3,h/H = 0.056 and ¢/H = 0.16. The height of the room
H is 3.0m in the present work. In addition, the expected flow pattern is shown in
figure 6.
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L

Figure 6: Geometry and expected flow pattern of the test room

In the inlet, following boundary conditions are given:

uo = 0.455m/s
ko = 1.5(0.04 - Up)?
go = 0.09-ky®/(R/10).

In each case a coarse and a fine grid were used to point out the effect of mesh
refinement. The simulations have been carried out with a 64x32 and 128x64 grid
for the program PSIOM2D and a 64x28 and 128x56 grid for the program ResCUE.
In accordance with experimental data from Nielsen, predictions of velocity profiles
are given at the two vertical lines

r=H z=2H
and at the two horizontal lines
y=nh/2,y=H — h/2.

Figure 7 shows the profiles of the velocity in x—direction at * = H. The global
prediction of all simulations is fairly good. Only the program ResCUE using the
fine grid does not satisfactory predict the recirculation at the bottom of the room.
That could be caused by a far small time step which was used to ensure stability of
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Figure 7: Velocity profiles at z = H
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Figure 8: Velocity profiles at z = 2H
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Figure 9: Velocity profiles at y = h/2
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Figure 10: Velocity profiles at y = H — h/2
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the explicit method. The criterion of convergence, the relative difference between
two time steps (< 107°), has been achieved after about 12 000 time steps, but much
more time steps should be proceeded. This reason will be amplified by the results
shown in figure 8. The decay of the wall jet and the recirculating flow are well
predicted by ResCUE on a coarse grid. The values of velocity in the wall jet and
the recirculating flow are too high calculated with ResCUE using the fine grid.

Figure 9 shows the behaviour of the wall jet in the x-direction. There must be a
maximum of u greater than ug that can be recognized from the measurement. The
prediction of this velocity maximum by PSIOM2D using the coarse grid is too high.
This value becomes more realistic by refining the grid. In contrast to most other
computer codes [14], this velocity maximum behind the jet entrance is predicted
only by PSIOM2D because of a special discretization for the vorticity at the corner.
ResCUE predicts values greater than uo near the inlet, but they are too low and
show only a tendency. Near the outlet, a region of recirculating flow exists which
has not been predicted by PSIOM2D but by ResCUE with values that are too low.
Figure 10 shows how the computer codes predict the existence of three specific flow
regions near the bottom of the room. The vortex in the lower left corner is predicted
by ResCUE with a too low intensity a a too big dimension. The maximum velocity
of the recirculating flow is well predicted by ResCUE using the coarse grid. Solution
by ResCUE on the finer grid suffers from the very small time step, too. At the
outlet wall velocity is positive again. The fact that there is a low outlet velocity
of PSIOM2D is caused by using Neumann boundary conditions for velocity in z—
direction. In the program ResCUE Dirichlet boundary conditions are implemented
for u.

CONCLUSION AND OUTLOOK

Three discretization methods have been described in this work. They have been
applied to predict room air flows with natural and forced convection. In both cases
the agreement of the computational results with experimental data and solutions of
other authors, respectively, is fairly good. It must be considered, however, that for
room air flow with regions of more complex flow like the wall jet development or
recirculating flow in corners all codes predict different results. For this reason, more
simple problems like a closed cavity flow are better suited for comparative studies of
different computer codes. Numerical or analytical solutions of other authors allow
a better estimation of accuracy without employing empirical data.

Next time the structure and properties of equation system, produced by dis-
cretization, should be examinated in detail. Implementation of a uniform Multigrid
solver is planed.
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